Abstract. Two extensions of the notion of K-frame for unbounded operators are introduced. Equivalent formulations in terms of atomic systems, some characterizations and examples are given.
Introduction
The notion of frames in Hilbert spaces dates backs to 1952 and was introduced in the pioneeristic paper of J. Duffin and A.C. Schaffer [15] and was resumed in 1986 by I. Daubechies, A. Grossman and Y. Meyer in [12] . This notion is a generalization of that of orthonormal basis. Indeed, a frame is a sequence in H that allows to every element of H to be written as an (infinite) combination of the elements of the sequence. The uniqueness of the decomposition is lost, in general, and this gives a certain freedom in the choice of the coefficients in the expansion which is then a good quality in applications.
In 2012 L. Gȃvruţa [17] introduced the notion of atomic system for a (linear) bounded operator K everywhere defined on H. This notion generalizes those of frame and also of atomic system for a subspace in [16] . More precisely, {g n } is an atomic system for K if there exists γ > 0 such that for every f ∈ H there exists a f = {a n (f )} ∈ ℓ 2 with a f 2 ≤ γ f and (1.1) Kf = ∞ n=1 a n (f )g n .
for some a f := {a n (f )} ∈ ℓ 2 (in particular, this situation appears when {g n } is a frame). If A is unbounded, then the coefficients sequence a f can not depend continuously on f , i.e. it can not exists γ > 0 such that a f 2 ≤ γ f for every f ∈ D(A) (this fact may represent another issue when we want to decompose R(A) by a frame). For these reasons, we develop two approaches where either the sequence {g n } or the coefficients sequence a f is what takes on the unboundness of A. To go into more details, in the first case we consider a non-Bessel sequence {g n } but the coefficients depend continuously on f ∈ D(A). In the second case, we take a Bessel sequence {g n } and coefficients depending continuously on f ∈ D(A) only in the graph topology of A (which is stronger than the one of H when A is unbounded). The paper is organized as follows. After some preliminaries (Section 2), we introduce in Section 3, the notions of weak A-frame and weak atomic system for A (Definitions 3.1 and 3.6, respectively), where A is a, possibly unbounded densely defined operator. The word weak is due to the fact that the decomposition of R(A), with A also closable, holds only in a weak sense, in general; i.e., we find a Bessel sequence {t n } of H such that ( 
1.2)
Af |u = ∞ n=1 f |t n g n |u ∀f ∈ D(A), u ∈ D(A * ).
As well as in the bounded case (see [4, Lemma 2 .2]), we have also
u |g n t n , ∀u ∈ D(A * ), and thus we note a change of the point of view: a weak A-frame leads to a strong decomposition of A * rather than A, in general. In Section 4 we face our second approach, giving the general notions of atomic system for A and A-frame (see Subsection 4.1), where A is a, possibly unbounded, closed densely defined operator. Denote by ·|· A the inner product which induces the graph norm · A of A, the resulting decomposition is
for some Bessel sequence {k n } of the Hilbert space D(A)[ · A ]. Moreover, a sequence is an A-frame if and only if its synthesis operator is bounded with range containing R(A). Actually, we noticed that the second approach is a particular case of a setting with bounded operators between different Hilbert spaces. This is why Section 4 is largely devoted to this framework and concludes with the application of the results to a densely defined closed operator on H in Corollary 4.14.
Throughout the paper we give some examples of weak A-frames or a A-frames that can be obtained from regular frames or that involves Gabor or wavelets systems.
Notations and basic facts
Throughout the paper we consider an infinite dimensional (not necessarily separable) Hilbert space H with inner product · |· and norm · . The term operator is used for a linear mapping. Given an operator F , we denote its domain by D(F ), its range by R(F ) and its adjoint by F * (if F is densely defined). By B(H) we denote the set of bounded operators with domain H.
As usual, we will indicate by ℓ 2 the Hilbert space consisting of all sequences
. By {x n } we will briefly indicate a sequence {x n } n∈N .
In the same way, we will write {g n } to mean a sequence {g n } n∈N of elements of H. For the following definitions the reader could refer e.g. to [1, 3, 10, 19, 21] .
A sequence {g n } of elements in H is a Bessel sequence for H if any of the following equivalent conditions are satisfied (see [10, Corollary 3.2 
.4])
i) there exists a constant β > 0 such that
ii) the series ∞ n=1 c n g n converges for all c = {c n } ∈ ℓ 2 . A sequence {g n } of elements in H is a lower semi-frame for H with lower bound α > 0 if α f 2 ≤ ∞ n=1 | f |g n | 2 , for every f ∈ H. Note that the series on the right may diverge for some f ∈ H.
A sequence {g n } of elements in H is a frame for H if there exist α, β > 0 such that
We recall also the following definitions given in full generality (see [1, 2, 3, 9] ). Let {g n } be a sequence of elements of H. The analysis operator C : D(C) ⊆ H → ℓ 2 of {g n } is defined by
The synthesis operator D :
The frame-operator S : D(S) ⊆ H → H of {g n } is defined by
The main properties of these operators are summarized below. A sequence {g n } is a Bessel sequence if and only if one (and then all) of the operators C, D and S is bounded. Moreover, if {g n } is a frame then S is invertible with bounded inverse and the following reconstruction formula holds
where {h n } is a frame of H. A possible choice of {h n } is {S −1 g n } but it can be different if {g n } is overcomplete (i.e. {g n } is not a basis). As a consequence of (2.1), the Hilbert space H must be separable. Now we spend some words on non-Bessel sequences and reconstruction formulas. In general, if {g n } is a lower semi-frame, then by [8, Proposition 3.4] there exists a Bessel sequence {h n } such that
Hence a reconstruction formula holds in weak sense as
Moreover, if D(C) is dense, then one can take h n = T −1 g n (see [11] after Proposition 3.4), where T := |C| 2 = C * C, a self-adjoint operator with bounded inverse on H. The "weakness" of the formula (2.2) is a consequence of the fact that the synthesis operator D is not closed, in general. If {g n } is a lower semi-frame, D(C) is dense and D is closed, then D = C * , by Proposition 2.1. Thus S = C * C and the strong reconstruction formula again holds
Let K ∈ B(H).
A sequence {g n } ⊂ H is an atomic system for K ([17, Definition 2]) if the following statements hold i) {g n } is a Bessel sequence of H; ii) there exists C > 0 such that for every f ∈ H there exists a f = {a n (f )} ∈ ℓ 2 such that a f 2 ≤ C f and Kf = ∞ n=1 a n (f )g n . In [17, Theorem 3] , the author proves the following Theorem 2.2. Let K ∈ B(H) and {g n } a sequence of H. The following statements are equivalent. i) {g n } is an atomic system for H. ii) there exist constants α, β > 0 such that
iii) there exist a Bessel sequence {h n } of H such that
Due to the inequalities in ii) above, a sequence satisfying any of the conditions in Theorem 2.2 is also called a K-frame for H.
In the following sections we will use the next lemma that can be obtained by Lemma 1.1 and Corollary 1.2 in [7] . Lemma 2.3. Let H and K be Hilbert spaces. Let W : D(W ) ⊂ K → H a closed densely defined operator with closed range R(W ). Then, there exists a unique
The operator W † is called the pseudo-inverse of W .
Weak A-Frames and weak atomic systems for A
In this section we introduce our first generalization of the notion of K-frames to a densely defined operator on a Hilbert space H. Definition 3.1. Let A be a densely defined operator on H. A weak A-frame for H is a sequence {g n } ⊂ H such that
for every f ∈ D(A * ) and some α > 0.
By [21, Theorem 7.2] , if A ∈ B(H) then {g n } is a weak A-frame if and only if it is an A-frame in the sense of [17] . Remark 3.2. As it is clear from (3.1), the ordering of the sequence does not change its nature of weak A-frame. Remark 3.3. Let A be a closable densely defined operator and {g n } a weak A-frame. The domain D(C) of the analysis operator C of {g n } contains D(A * ) and then it is dense and the synthesis operator D is closable. Moreover,
where T = C * C. This shows that the series in (3.1) is also bounded from above by the norm of an (self-adjoint) operator acting on f ∈ D(A * ).
Example 3.4. Let A be a densely defined operator on a separable Hilbert space H. Then a weak A-frame for H always exists. Indeed, let {e n } ⊂ D(A) be an orthonormal basis of H, it suffices to take g n = Ae n , because for every f ∈ D(A * ),
Example 3.5. Let A be a densely defined operator on a separable Hilbert space H. A more general example of weak A-frame is obtained by taking a frame {f n } ⊂ D(A) of H. In this case, in fact, there exist α, β > 0 such that
Therefore, {Af n } is a weak A-frame for H.
Definition 3.6. Let A be a densely defined operator on H. A weak atomic system for A is a sequence {g n } ⊂ H such that i)
Remark 3.7. If {g n } is a weak atomic system for A then the series in (3.2) is unconditionally convergent. Indeed it is absolutely convergent:
The following lemma, which is a variation of [14, Theorem 2], will be useful in Theorem 3.10 for a characterization of weak atomic systems for A and weak A-frames. Lemma 3.8. Let (H, · ), (H 1 , · 1 ) and (H 2 , · 2 ) be Hilbert spaces and
. Now we extend J to the closure of R(T 2 ) by continuity and define it to be zero on R(T 2 ) ⊥ . Therefore J ∈ B(H 2 , H 1 ) and JT 2 = T * 1 , i.e. T 1 = T * 2 J * and the statement is proved taking U = J * . Definition 3.9. Let A be a densely defined operator and {g n } a sequence on H, then a sequence {t n } of H is called a weak A-dual of {g n } if
Theorem 3.10. Let {g n } ⊂ H and A be a closable densely defined operator on H. Then the following statements are equivalent.
i) {g n } is a weak atomic system for A; ii) {g n } is a weak A-frame; iii)
and there exists a Bessel weak A-dual {t n }.
taking into account that a h ≤ γ A h for some γ A > 0 and every h ∈ D(A). ii) ⇒ iii) Let {e n } be an orthonormal basis of ℓ 2 . Consider the densely defined operator B : D(A * ) → ℓ 2 given by Bf = { f |g n } which is a restriction of the analysis operator C : D({g n }) → ℓ 2 . Since C is closed, B is closable. We apply Lemma 3.8 to T 1 := A and
taking {t n } = {M * e n } which is a Bessel sequence by [3, Proposition 4.6] .
iii) ⇒ i) It suffices to take a h = {a n (h)} = { h |t n } for all h ∈ D(A). Indeed for some γ A > 0 we have
{t n } is a Bessel sequence and Ah |u = ∞ n=1 a n (h) g n |u , for u ∈ D(A * ). The term "weak" of weak A-frame (or weak atomic system) is due to the fact that (3.3) holds whereas, in general, the same decomposition in strong sense Ah = ∞ n=1 h|t n g n may fail (unlike the case of A-frame where A ∈ B(H), see [17, Theorem 3] ). We show this with the following example.
Example 3.11. Suppose that H is separable. Let {e n } be an orthonormal basis of H and {g n } the sequence defined by g 1 = e 1 and g n = n(e n − e n−1 ) for n ≥ 2. We denote by C, D the analysis and synthesis operators of {g n }, respectively. As it is shown in [9] , C is densely defined and D is a proper restriction of C * . In particular,
Let I be the analysis operator of {e n } (obviously it is a bijection in B(H, ℓ 2 )). Now consider the sesquilinear form
This suggests to define A := C * I which is a densely defined closed operator. The adjoint A * is equals to I * C and then it has D(C) as domain. Thus
i.e. {g n } is a weak A-frame by Theorem 3.10. But the relation
does not hold. Indeed, the element f := ∞ n=1 1 n e n belongs to D(A) and the series k n=1 f |e n g n = e k for k ∈ N, does not converge in H.
The argument in the previous example can be adapted to prove the following.
Proposition 3.12. If {g n } is a sequence on a separable Hilbert space H with densely defined analysis operator C, then {g n } is a weak A-frame, where A = C * I.
Example 3.13. In general, for a weak A-frame {g n } of H a (Bessel) weak A-dual {t n } is not unique. For all examples we considered we give here a possible choice of {t n }.
i) If {g n } := {Ae n }, where {e n } ⊂ D(A) is an orthonormal basis of H, then one can take {t n } = {e n }. ii) If {g n } := {Af n }, where {f n } ⊂ D(A) is a frame for H, then one can take for {t n } any dual frame for {f n }.
Remark 3.14. Let A be a densely defined operator, {g n } a weak A-frame and {t n } a Bessel weak A-dual of {g n }, then for h ∈ D(A) and u ∈ D(A * ). Then,
u |g n t n |h .
Since the sequence {t n } is Bessel, the series ∞ n=1 u |g n t n is convergent. Therefore
and by density of D(A) we obtain
In conclusion, it is worth noting that, surprisingly, from condition (3.1) the strong decomposition of A * follows, whereas for A we have just a weak decomposition, in general. When A ∈ B(H) and {g n } is a Bessel sequence, then condition (3.1) gives decompositions in strong sense for both A and A * (see [ 
17, Theorem 3] and [4, Lemma 2.2]).
Remark 3.15. One could ask whether a weak A-dual {t n } of a weak A-frame {g n } is a weak A * -frame, with A a closable densely defined operator. The answer is negative, in general. Indeed, if {t n } is a Bessel sequence, an inequality as
with α > 0, implies that A is bounded on its domain.
Theorem 3.16. Let A be a densely defined closed operator with R(A) = H and (A † ) * ∈ B(H) the adjoint of the pseudo-inverse A † of A. Let {g n } be a weak A-frame and {t n } a weak A-dual of {g n }. Then, the sequence {h n }, with h n := (A † ) * t n ∈ H for every n ∈ N, is Bessel and
Proof. First observe that, since A is onto, f = AA † f , for every f ∈ H. Let {g n }, {t n } and {h n } be as in the statement. Then, by (3.3), we have that for
f |h n g n |u and for some γ > 0
since {t n } is Bessel for H and A † is bounded. Hence, {h n } is a Bessel sequence for H. Finally, for any f ∈ H, u ∈ D(A * ), we have u |f = ∞ n=1 u |g n h n |f . Since the sequence {h n } is Bessel, the series ∞ n=1 u |g n h n is convergent and we conclude that u = ∞ n=1 u |g n h n , for all u ∈ D(A * ). i) The sequence {g n } is a weak A-frame for H; ii) there exists a (densely defined) closed extension R of D such that A = RQ with some Q ∈ B(H, ℓ 2 ); iii) there exists a closed densely defined operator L :
is an orthonormal basis for ℓ 2 and A = LU for some U ∈ B(H, ℓ 2 ).
Proof. i) ⇒ ii) Following the proof of Theorem 3.10, A = B * M . Then the statement is proved taking Q = M and R = B * , since B * ⊇ C * ⊇ D. ii) ⇒ iii) Since R is an extension of the syntesis operator D, it suffices to take L = R, U = M and for {e ′ n } the canonical orthonormal basis of ℓ 2 . iii) ⇒ i) For every f ∈ D(A * ) the adjoint of L is given by
Moreover, {g n } is a weak A-frame since for every f ∈ D(A * )
We conclude this section with some concrete examples. 
By the hypothesis {g m,n } ⊆ D(A). Assume in particular that {g m,n } is a frame for L 2 (R) (a necessary and sufficient condition is given in [19, Theorem 6.4 
.1]).
Then, by Example 3.5, {Ag m,n } is a weak A-frame; i.e., for some γ > 0
Explicitly,
From {Ag m,n } we will construct another weak A-frame. Note that for f ∈ H 1 (R)
We want to show that the last expression if finite. First of all, the hypothesis ensure that the Gabor sequence {M bn T am g ′ } generated by the derivative g ′ is a Bessel sequence (see [19, Proposition 6 
which is finite for f ∈ D(A) = H 1 (R). This fact and (3.5) show that
, the frame operator of {M bn T am g ′ } is the multiplication operator by some bounded positive function r (see [19, Theorem 6.4 .1]). Thus (3.5) can be written as the following inequality
where δ > 0. Once more we point out that the order in sequence S is not relevant (see Remark 3.2).
Example 3.19. Let us consider the same space H := L 2 (R) and the same opera-
However, we cannot apply Example 3.5 to say that {Aφ k } is a weak A-frame. Indeed, as it known (see [10] ), {φ k } is never a frame for L 2 (R). Consider instead the wavelet system {φ n,m } n,m∈Z := {a − m 2 φ(a −m x − nb)} n,m∈Z with a, b > 0. We have {φ n,m } ⊂ H 1 (R) and {(Aφ n,m )(x)} k∈Z = {a − 3m 2 φ ′ (a −m x− nb)} k∈Z . The sequence we obtained is nothing but the wavelet system {φ ′ n,m } generated by the derivative g ′ multiplied by the scalars {a −m }.
When {φ n,m } is a frame for H, {Aφ n,m } is a weak A-frame. In particular, applying [19, Theorem 10.6 (c)], for any n ∈ N, there exists a function φ with compact support and continuous derivatives up to order n such that {Aφ n,m } is a weak A-frame. | f |g n | 2 < ∞ and the operator F : H A → ℓ 2 given by F f := { f |g n } is bounded. If F is also injective (e.g. if {g n } is dense in H) and has closed range, then {g n } is a weak A * -frame since c Af
and for some c > 0.
Atomic systems for bounded operators between different Hilbert spaces
In this section we will give another generalization of the notions and results in [17] to unbounded closed densely defined operators in a Hilbert space. Actually, this can be done within a framework involving two different Hilbert spaces H and J . Since this framework is very similar to the standard one with a unique space, we often omit some details and in general we refer to [4, 17, 24] .
Let · |· H , · |· J be the inner products and · H , · J the norms of H and J , respectively. We denote by B(J , H) the set of bounded linear operators from J into H. Definition 4.1. Let K ∈ B(J , H). An atomic system for K is a sequence {g n } ⊂ H such that (i) {g n } is a Bessel sequence, (ii) there exists γ > 0 such that for all f ∈ J there exists a f = {a n (f )} ∈ ℓ 2 , with a f 2 ≤ γ f J and Kf = ∞ n=1 a n (f )g n .
It is clear that from the previous notion reduces to that of atomic system in [17] when J = H. Example 4.2. Let H be separable and K ∈ B(J , H). Every orthonormal basis {e n } of H is an atomic system for K. Indeed, for f ∈ J put a f = {a n (f )} = { Kf |e n H }, then Kf = ∞ n=1 a n (f )e n and a f 2 = Kf H ≤ γ f J .
for some γ > 0. More generally, consider a frame {g n } of H with dual frame {v n }. Thus
Putting a f = { Kf |v n H } for f ∈ J , we see that {g n } is an atomic system for
Example 4.3. Let J be separable, K ∈ B(J , H) and {e n } an orthonormal basis of J , then for all
Let us denote by g n = Ke n ∈ H, a n (f ) = f |e n J for every n ∈ N and a f = {a n (f )}. We prove that {g n } is an atomic system for K. Consider any c = {c n } ∈ ℓ 2 , then
c n e n ∈ J . Moreover, by the Parseval identity
Example 4.4. A more general atomic system {g n } for K ∈ B(J , H) is obtained taking {g n } = {Kf n }, where {f n } is a frame for J .
For L ∈ B(J , H) we denote by L * ∈ B(H, J ) its adjoint. We now give a characterization of the atomic systems for operators in B(J , H) similar to that obtained by Gȃvruţa in [17, Theorem 3] and we omit the proof. i) {g n } is an atomic system for K;
ii) there exist α, β > 0 such that for every f ∈ H (4.1)
iii) {g n } is a Bessel sequence of H and there exists a Bessel sequence {k n } of J such that
Definition 4.6. Let K ∈ B(J , H). A sequence {g n } ⊂ H is called a K-frame for H if the chain of inequalities (4.1) holds true for all f ∈ H and some α, β > 0.
Remark 4.7. By (4.2) the range R(K) must be a separable subspace of H (which may be non separable).
As in [4, Definition 2.1] a sequence {k n } ⊂ J as in (4.2) is called an K-dual of the K-frame {g n } ⊂ H. Example 4.8. As in Section 3, we remark that, in general, a K-dual {k n } ⊂ J of a K-frame {g n } ⊂ H is not unique. Then, for the K-frames {g n } considered in Examples 4.2, 4.3 and 4.4 we give a possible K-dual. i) If {g n } := {e n }, with {e n } ⊂ H an orthonormal basis of H, then one can take {k n } = {K * e n }. ii) If {g n } := {f n }, with {f n } ⊂ H a frame for H, then one can take {k n } = {K * v n } where {v n } is any dual frame for {f n }. iii) If {g n } := {Ke ′ n }, with {e ′ n } ⊂ J an orthonormal basis of J , then one can take {k n } = {e ′ n }. iv) If {g n } := {Kf ′ n }, with {f ′ n } ⊂ J a frame for J , then one can take for {k n } any dual frame for {f ′ n }.
The Bessel sequences {g n } ⊂ H, {k n } ⊂ J in (4.2) are not interchangeable, in general, even if J = H. However, under stronger hypotheses on K, it can be proved the existence of a sequence of H which is interchangeable with {g n } in R(K) ⊂ H. Proposition 4.9. Let K ∈ B(J , H) with R(K) ⊂ H closed. Let {g n } be a K-frame and {k n } an its Bessel K-dual. Then, i) the sequence {h n } with h n := (K † ↾R(K) ) * k n ∈ H, for every n ∈ N, is Bessel and interchangeable with {g n } for any f ∈ R(K), i.e.
ii) {K * h n } and {K * g n } are two Bessel sequences for J and
Moreover, the sequence {h n } is K-frame.
Proof. i) It is a slight modification of the proof of [24, Proposition 3.3] . ii) Equalities (4.3) follow from i). The sequence {K * h n } is Bessel for J , indeed
for all f ∈ J and some β > 0. Similarly, {K * g n } is Bessel for J . We complete the proof using Theorem 4.5 and taking a n (f ) = f |K * g n J , for all f ∈ J and n ∈ N.
Remark 4.10. [4, Lemma 2.2] Once at hand a K-frame {g n }, the Bessel sequence {k n } ⊂ J in Theorem 4.5 is a K * -frame. Indeed, we have
by the following calculations for all k ∈ J , h ∈ H
The following Lemma is a generalization of [14, Theorem 1] and can be proved in the very same way.
Lemma 4.11. Let H, J 1 , J 2 be Hilbert spaces and
Then the following statements are equivalent.
We now give a characterization of K-frames involving the synthesis operator. For the reader's convenience we rewrite the definitions of atomic system for A ∈ B(H A , H) and of A-frame. A sequence {g n } ⊂ H is said to be i) an atomic system for A if {g n } is a Bessel sequence and there exists γ > 0 such that for all f ∈ D(A) there exists a f = {a n (f )} ∈ ℓ 2 , with a f 2 ≤ γ f A and Af = ∞ n=1 a n (f )g n ; ii) an A-frame if there exist α, β > 0 such that for every f ∈ H
Hence, Theorem 4.12 can be rewritten as follows.
Corollary 4.14. Let {g n } ⊂ H and let A be a closed densely defined operator on H. Then the following are equivalent.
i) {g n } is an atomic system for A; ii) {g n } is an A-frame; iii) {g n } is a Bessel sequence of H and there exists a Bessel sequence {k n } of H A such that Note also that if A ∈ B(H), then the graph norm of A is defined on H and it is equivalent to · , thus our notion reduces to that of [17] . like for atomic systems for A ∈ B(H) (see [17, Theorem 3] ). The answer, in general, is negative if A is unbounded. Indeed, let {e n } be an orthonormal basis of H and assume that in particular {e n } D(A * ) (such an orthonormal basis of H can always be found). Suppose that there exists a sequence {t n } ⊂ H such that Af = ∞ n=1 f |t n e n , for all f ∈ D(A). Then Af |e n = f |t n for all f ∈ D(A) and n ∈ N. But this leads to the contradiction that {e n } ⊂ D(A * ).
We conclude by showing an example of an A-frame which is not a frame. This sequence is Bessel because g is bounded and compactly supported, but it is not a frame since ab = 2 > 1. However, we show that it is an A-frame. Indeed, the range of the synthesis operator of G(g, 1, 2) is R(D) = {f ∈ L 2 (R) : f (x) = f (x − 1), ∀x ∈ R} and contains R(A). Therefore, by Corollary 4.14, G(g, 2, 1) is an A-frame.
